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OUTLINE

1. The Laplace resonance 4:2:1

2. The  Jupiter Moons Io, Europa and Ganymede

3. Analytical description of the problem

4. Numerical exploration of the mass distribution

5. The results 

6. Future prospects: resonances in extrasolar planetary systems









Delaunay variables

mean motions- Celletti, Paita, Pucacco (2019),
- Pucacco, CMDA 133 (2021),
- Celletti et al., A&A 655 (2021), R&CD 27 (2022),
- Pucacco, CMDA 136 (2024).

ANALYTIC PART: First order model

4-body problem: large central body + 3 relative small bodies in a plane

k_1=2 , k_2=2
2:1, 2:1 -> 4:2:1 
LAPLACE RESONANCE



Functions of the masses and the Laplace coefficients

For the location of the equilibria and their stability a new 
set of canonical variables adapted to the 1st order 
resonance is introduced





angular momentum deficit

total angular momentum

spacing parameter

H=ωΓ-3/2AΓ²-3BΛΓ-3/2CΛ ²+H_{res}(Q_j,q_j,λ)



A,B and C are functions of mean motion and masses

angular momentum deficit

Resonance Proximity Parameter



Phase space topology



The dynamical model is the complete plane 4body problem of the Sun + 3 massive 
planets

Find the ‘correct’ initial conditions with the results of the 1st order theory
for given masses m1, m2 and m3 for  a1…a3 and e1..e3 which lead to a 
Laplace resonance 4:2:1

Integrate with these values the original equations of motion 

Use a numerical integrator with a high precision for up to 10 kyrs (LIE-integrator)

Do this with mass ratios m_i/M (i=1,2,3) = 0.001, 0.0001 and 0.00001 
For m_i (i=1,9) for all possibilities of m1:m2:m3
e.g. for m/M = 0.0001 
m1-m2-m3 = 1:1:1  m1=0.0001,m2=0.0001 ,m3=0.0001
m1-m2-m3 = 3:1:8  m1=0.0003, m2=0.0001 , m3=0.0008

check the Laplace stability over this time interval

→ These integrations provide the necessary ratio m1-m2-m3 which lead to 
→ stable configurations in the Laplace sense 
→ so that the ratios in mean motion resonance are close to 4:2:1



resonant stable unstable



LIBRATION INDEX

resonant stable unstable



m1=10^-5

m2=5.10^-5

m3=10^-5



m1=m2=m3

10^-5
<m_k

<10^-3

k=1,2,3

10^-5 left

10^-4 middle

10^-3 right

m_k=1,3,5,7,9

Symbols:

upside triangle
downside triangle
diamonds (3,5,7)



Influence of variations in magnitude of the j-th planet
the resonant value of the eccentricity e_k

For the k-th planet (k-th row)

m_1 m_2 m_3

increasing m_1 -> more circular,  m_2 -> more elliptic, m_3 ->more circular 



Influence of variations in magnitude of the j-th planet
the resonant value of the eccentricity e_k

For the k-th planet (k-th row) k=2

m_1 m_2 m_3

increasing m_1 -> more elliptic,  m_2 -> more circular, m_3 ->more elliptic



m_1 m_2 m_3

Influence of variations in magnitude of the j-th planet
the resonant value of the eccentricity e_k

For the k-th planet (k-th row) k=3

increasing m_1 -> more circular,  m_2 -> more elliptc, m_3 ->more circular



k=1       m_1 k=2        m_2 k=3        m_3

Influence of a different 
mass of the  planet on the 
orbital parameters e_k on 
the innermost, the middle 
one and the outermost. 
Note that only for the 
smallest masses 10^-5 (left 
row) all the integrated 
orbits lead to stable 
Laplace resonances (green)

10^-5 left,10^-4 middle
10^-3 right column for 
m_k=1,3,5,7,9

Symbols:
upside triangle
downside triangle
diamonds (3,5,7)



Influence of variations in m_2 on a_k left diagram, e_k right diagram for m_2/10^-5
for a bigger mass[1,9], m_1=m_2=10^--5, omega [-0.02,0.02]

m_1

m_2

m_3



The Goal of this research was to find out the necessary parameters to ensure the 
stability of the Laplace configuration 2:1-2:1

1.Developing a linear theory using  a first order averaged Hamiltonian model 
depending on the ‘resonance proximity parameter omega
2.Using this theory it was possible tocheck the linear stability and to compute initial 
conditions valid for the full problem 2:1-2:1
3.Integrating thousands of possible solutions, depending primarily on the three 
masses of the involved planets,  up to million years
4. Analyzing the big amount of data with respect to the semi-major axes and 
eccentricities and their Laplace stability depending on omega and how they depend 
on the three masses involved via appropriate figures
5. Determine the Libration behaviour of the main resonant argument which turned 
out to be stable in the resonance chain 2:1-2:1 up to ratios of planetary masses 10^-4 
in the real case while linear stability is guaranteed  to the threshold 10^-3
6. The dominanting mass for instability is the middle mass

7 Outlook: Developing the theory for other resonant chains and checking the data of 
observations of exoplanetary system concerning long term stability .





On the stability of first-order mean motion 
resonant chains in planetary systems

Christoph Lhotka, Giuseppe Pucacco, Rudolf Dvorak

To appear soon in Astronomy & Astrophysics
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Long term stability (2/2)

Some references:
- Dvorak, Hanslmeier, Lichtenegger BAS 15 (1983),
- Hanslmeier, Dvorak, A&A  132 (1984),
- Eggl, Dvorak LNP 790 (2010),
- Dvorak, Cuntz, AN 345 (2024).





Figure 2: show 11 different initial conditions leading to an
equilibrium point in the Laplace sense computed with the
aid of the linear theory for 100 kyr for fixed masses
m_1=m_3=10^-5 and m_2= 5.10^-5 in units of m_sun.
plotted are the semi major axes on the left column and the
eccentricities of the three masses on the right column versus
the resonance proximity parameter omega=0 +/-0.01

Figure 3:  for 3 equal masses the change of e_1 is shown for 
different  resonance parameters around w=0 for 10^-5 < m_i < 
10^-3 with growing masses (3, 5,7 and 9 times the basic mass 
unit. i_4 decreases for larger values of e_1: 0.00 < e_1< 0.02; but 
for e_2 the range is  0.00 < e_2 < 0.15 and for e_3 the range is 
0.00 < e_3 < 0.03. Generally the eccentricies increase with w. 

Figure 5: Influence of the variation of the middle mass m_2 on a_k
(left column) and e_k (right column) and i_4 for m_2/10^-5 
in[1,9]and m_1=m_3=10^-5 
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