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Exoplanets
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Exoplanets
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Exoplanets

[ILpy] 2urs x sse]y Asejau

&ld

exoplanet.eu

Semi-major axis [AU]

3/27



Tides in the solar system

Mercury Venus

And many

more ...

lo Galilean moons
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Tidal theory

W. Thomson 1863 G. Darwin 1878 A. Love 1909
Elastic Viscous Love
deformation deformation numbers
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Tidal mechanism
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Tidal mechanism

Z N\ Tidal effects

} e Angular momentum
exchange

AN S e Energy dissipation
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Tidal mechanism

Z N\ Tidal effects

} e Angular momentum
exchange

AN S e Energy dissipation

Simple prescriptions
)5’ e Fixed phase lag ¢
(MacDonald 1964)
e Fixed time lag At
(Singer 1968)

MacDonald 1964
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Earth-moon evolution

assumption: tides in the moon only
prescription: constant time lag model
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Earth-moon evolution

assumption: tides in the Earth only
prescription: constant time lag model

Earth rotation
26 - - . . -

Length of the day
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Constant time lag model

Main characteristics :
- Exchange of angular momentum v
- Energy dissipation v

- Pseudosynchronous rotation X

9/27



Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality

30

DO [\
o [SA)

—_
ot

Rotation period (day)

—_
o

10/27



Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality
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Total torque

_ GGmomR2

’= Cr3

koAtmg (R\® . . |
2 m <7> (0 — f) + Caasin(20 — 2f)

tides triaxiality
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Total torque

_6Gm0mR2

’= Cr3

koAtmg (R\® . . )
2 m (,) (0 — f) + Cazsin(20 — 2f)

tides triaxiality

At supersynchronous rotation :
Both terms average to zero !
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality
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From the CTL model to the creep tide model



Love number and transfer function

At the mean radius R :

e Generating potential : Up(R, 1)
e Deformation potential : Up (R, )

UD(R,f) = ko UT(R,f — Af)

(Love 1909) + (Singer 1968)
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Love number and transfer function

At the mean radius R :

e Generating potential : Up(R, 1)
e Deformation potential : Up (R, )

UD(R, f) = ko UT(R,f — Af)

(Love 1909) + (Singer 1968)

d
UD(R,t) Zkg(t) * UT(R,f)

- / ka(t — )Up (R, 1) dt’
—00

Transfer function
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Love number and transfer function

At the mean radius R : Constant Time Lag model

e Generating potential : Up (R, 1)
e Deformation potential : Up (R, 1)

UD(R, t) = ko U'[(R,ZL, — Af)

(Love 1909) + (Singer 1968)

Love transfer function ka(t — t')

!
UD(R, t) = kQ(t) * UT(R. f)
[eS) 0 : :
= / k2 (t - tI)UT(Rs fl) dt/ oA o Time d;ﬁ; th—t ’ &

Transfer function
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Love number and transfer function

At the mean radius R : Creep Tide model

e Generating potential : Ur (R, 1)
e Deformation potential : Up (R, )

UD(R, f) = ko UT(R,f — Af)

(Love 1909) + (Singer 1968)

Love transfer function ko(t — t')

!
UD(R, t) = kg(t) * UT(R, f) :
[ee] 0 ! ! !
= / k2 (t - t/)Ul(R f/) dt, -h —h Time ;ellix’; t—t ’ 1
—00

Transfer function
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Creep tide model

e Differential equation governing the tidal response :

Up(R,t) +v Up(R,t) =~ ktUr(R,1)
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Creep tide model

e Differential equation governing the tidal response :

Up(R,t) + 7 Up(R,t) = v ksUr(R,t)

e Fourier transform :
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Creep tide model

e Differential equation governing the tidal response :

Up(R,t)+~ Up(R,t) = v kgUr(R,1)

e Fourier transform :

iw Up(R,w) +~ Up(R,w) = v ktUr(R,w)
e Complex Love number :

Up(R,w) = ko(w) Up(R,w),  ka(w)

e Low frequency regime :
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Creep tide model

e Differential equation governing the tidal response :

Up(R,t) + 7 Up(R,t) = v ksUr(R,t)

e Fourier transform :

iw Up(R,w) +~ Up(R,w) = v ktUr(R,w)

e Complex Love number :

Up(R,w) = ko(w) Up(R,w),  ka(w)

e Low frequency regime :

Up(R,t) = ks <UT(R, 0 - 1on(R, 4)) (CTL model : = > Af)
Y Y
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: creep tide model + permanent triaxiality
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Choosing the right parameters...



Viscous timescales

e Time delays in INPOP19a :

Atgarth ~ 4.1 min
AtMoon ~ 2.3hr
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Viscous timescales

Spada+ 2011

. ) : M3-L70-VO1
e Time delays in INPOP19a : 107} S 7
Atgarth ~ 4.1 min 5 100k )
Atyoon = 2.3hr e . mr ‘\/
(0] .
£ 105} co, "4
. . =
e Earth viscous times 2
E 104F Mo E
between 300 yr and 30 Myr &
108} T to N
(postglacial rebound since ~ 20,000 yr) ——
T1, T2
2 I I
10360 10! 102

Harmonic degree, n
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Tidal torque

e Expression (Correia+ 2014) :

G

Iiige = —24 ]T;Q Zlm (@ng(wk)SSQJ(wL)) Im (iz(wk))
k
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Tidal torque

e Expression (Correia+ 2014) :

GTR;LQ Zk:lm <(A”V22«,T(Wlar)g;gt'/v(w/;)) Im (]:2 (WA)>

Ltide = —24

e Outside spin-orbit resonance :

3GmiR®

Ciige ~ 2 g6 Im (/:2(20 - 277))

e At synchronous rotation :

Gm3R®

Iige ~ 18 46

e Im (]:2 (n))
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Tidal torque

e Expression (Correia+ 2014) :

GTR;LQ Zk:lm <(A”V22«,T(Wlar)g;gt'/v(w/;)) Im (]:2 (WA)>

I‘tide =-24

e Outside spin-orbit resonance :

3 GmgR®

Ciige ~ 2 g6 Im (/:2(20 - 277))

e At synchronous rotation :

2 15 .
Ltige = 18Gng e® Tm (A'g(ﬂ,))
a
e Quality factor :
- k
Im < ~)(w)> = _62
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Tidal quality factor of the creep tide model
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: creep tide model (first branch) + permanent triaxiality
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: creep tide model (second branch) 4+ permanent triaxiality
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: creep tide model (second branch) without permanent triaxiality
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On the spin-orbit resonances



Creep tidal torque

e Expression (Correia+ 2014) :

2
Tiige = —24G:; Zk:lm (@zzT(Wk)*é;Qj(WA)) Im (];'2(29 - k’”))

e Imaginary part of the Love number (Makarov & Efroimsky 2013):

Im (lzz(w)) = _kfm

0.6 T
1)y =107d

0.4

02 F

(ifz(w)/kf
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|
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Creep tidal torque

e Expression (Correia+ 2014) :

2 . . N
Tiide = _24G]7: Zk:lm (CQQ’T(w;‘,)S;Q,T(wk)) Im (k’g(?Q — lm))
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Equilibrium rotation rate

e Constant time lag model :

Q
—=1 + 62 + O(e?)
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Equilibrium rotation rate

e Constant time lag model :

Q
—=1 + 62 + O(e?)

e Creep tide model (Ferraz-Mello 2013) :

Q 6e?
=14 ——— 1t Ot
n i 1+ n2/y2 +0(e”)
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Equilibrium rotation rate

e Constant time lag model :

Q
—=1 + 62 + O(e?)

e Creep tide model (Ferraz-Mello 2013) :

Q 6e?
=14+ —— 1+ Ot
- + T2/ + O(e”)

e Arbitrary tidal model :

=14 662& +0(eY), ky;=Im <
n ,

n ks ;(0)

21/27



Effect of the rheology on the long-term
evolution

30 T T T T T T T T T T
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Tidal response for arbitrary rheology



Equations of motion

e Constant time lag (Correia+ 2011) :

— 2 (P2 - 1)

— o (f5 @2 - 550
e GICEEAC)

(Secular equations)
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Equations of motion

e Creep tidal model (Correia+ 2014) :

. Mo . 3uoR? . . 9YuoR? . .
T = —T—QT 5 Jo? — ' [02260826 — Soo sm25]r
2
+ % [ng sin 26 + Sz cos 25} K x7
2
0= —6G72+TR [C’zg sin 20 + Sas cos 25}

Jo + o = vk J5
Caz + vCa2 = kaCQTg

522 + vS22 = kaszTg

(Instantaneous equations in the time domain)
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Equations of motion

e Arbitrary tidal model (Kaula 1964) :

a=—-0 (5) Z [(X;g’o)zpn k2.i(pn) — 3 (Xg3’2)2pn /::Q_i(wp)] a

p=—00

: 1—e2 [ cR a }
€ Bna2yv1—e2  2a
3 ﬂR2 mo (R 3 = —3,2\2 7 2
2= m (;) p;w (X,°%) kaa(wp) | 2* (wp = 22— pm)

(Secular equations in the Fourier domain)
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A few rheologies

models (e.g., Henning+ 2009) :

Newton creep rheology Maxwell rheology
.. Ui ., n ©
4 T 1 F, % D MMM ——L
Z i %
T T T2
Kelvin-Voigt rheology Burger rheology
4 m
o 2 M3
4 F 2 F
T Tl ) T3
notation :
x : strain F' : stress et = — : effective rigidity
T
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Andrade model

Andrade rheology

Sundberg-Cooper rheology

i

7 — Maxwell
107 = Burgers N
79__ — Andrade : |
10 — Sundberg-Cooper :
-1 :
057 o C ]
10716 e 10710 1077 107 107!
Frequency (rad/s)
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Andrade model

Sundberg-Cooper rheology

Andrade rheology Ui
U Iz p 2 g
1 22 3
Zo 1 Z2 z3

Andrade complex rigidity :

_ Ho
14+ T(1+ a)(iwra)~® + (iwrar) L

flett (W)

: .o.de
Fractional derivative — 77
dto
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Extended Burger model (Gevorgyan 2026)

Interior model : Love number :

Layered body — cross—section (visual thickness exaggerated) Dissipation (dominant 4 Voigt elements)
~Im[k2

0010}
—— N-layer
0.005]
1 — Inner core 213.5 km (213.5 km)
2 — Outercore 111.5 km (325.0 km)
3 — Lower mantle 175.0 km (500.0 km) 0001
4 — Upper mantle 11972 km (1697.2 km)

5 — Crust 40.0 km (1737.2 km)

— - ext. Burger

5.x10

_ . (rad/s)
10 10°% 10 10°¢ 10

Approximated rheology :

extended Burger rheology
n 2 "n

Ko o

SN
NN

’ 1 2
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: creep tide model (second branch)
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: Layered model
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Thank you !



Normalised tidal torque of the layered model
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Love number

At the planet surface :
e Generating potential : Uy (R, 1)
e Potential due to the mass redistribution : Up (R, )

UD(R, t) = ko UT(R,If — At)
(Love 1909) + (Singer 1968)

Mt — At)
Q




Homogeneous elastic body

Transfer function :

rheology

‘w



Homogeneous elastic body

Transfer function :

*@[

rheology

gravity

=




Homogeneous elastic body

Transfer function :

+—| rheology

L gravity

Love number :

(approximation: Ragazzo & Ruiz 2015)




Homogeneous elastic body

Transfer function :

+—| rheology

gravity

Love number :

(approximation: Ferraz-Mello 2013)




Homogeneous elastic body

Transfer function :

+—| rheology

gravity

Love number :

ko =

N | W

(exact calculation: Thomson 1863)

1+

v|g|
]F
o=}




Correspondence principle

Transfer function :

&—| rheology ++—

gravity J

(exact calculation: Darwin 1879)

Love number :




Tidal differential equation

In the Fourier domain :

Con(w) = ka(w)Chy(w)  (idem Jy, Sag,...)
Love number :
() = ao + a1 (iw) + az(iw)? + - -
2 bo + b1 (iw) + ba(iw)? + - -
Time domain :
dCy: d2Cy: dcL d2Cl,
boC22+b1 dtzz +b2o dt;z +-=agCy+ay dtzz +as dt;Z
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