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Tides in the solar system

Photo by Finding Dan | Dan Grinwis on Unsplash
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Tidal theory

W. Thomson 1863

Elastic
deformation

G. Darwin 1878

Viscous
deformation

A. Love 1909

Love
numbers
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Tidal mechanism

MacDonald 1964

Tidal effects
• Angular momentum

exchange
• Energy dissipation

Simple prescriptions
• Fixed phase lag δ

(MacDonald 1964)

• Fixed time lag ∆t
(Singer 1968)
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Earth-moon evolution
assumption: tides in the moon only
prescription: constant time lag model

lunar rotation lunar orbit
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Earth-moon evolution
assumption: tides in the Earth only
prescription: constant time lag model

Earth rotation lunar orbit
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Constant time lag model

Main characteristics :
- Exchange of angular momentum ✓

- Energy dissipation ✓

- Pseudosynchronous rotation X
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality
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Total torque

θ̈ = −6Gm0mR2

Cr3

[
k2∆t

2

m0

m

(
R

r

)3

(θ̇ − ḟ)

︸ ︷︷ ︸
tides

+ C22 sin(2θ − 2f)

︸ ︷︷ ︸
triaxiality

]

At supersynchronous rotation :
Both terms average to zero !
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality
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From the CTL model to the creep tide model



Love number and transfer function

At the mean radius R :
• Generating potential : UT (R, t)
• Deformation potential : UD(R, t)

UD(R, t) = k2 UT (R, t−∆t)

(Love 1909) + (Singer 1968)

↓

UD(R, t) = k2(t) ∗ UT (R, t)

=

∫ ∞

−∞
k2(t− t′)UT (R, t′) dt′

Transfer function
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Creep tide model
• Differential equation governing the tidal response :

U̇D(R, t) + γ UD(R, t) = γ kfUT (R, t)

• Fourier transform :

iω ÛD(R, ω) + γ ÛD(R, ω) = γ kf ÛT (R, ω)

• Complex Love number :

ÛD(R, ω) = k̂2(ω) ÛT (R, ω) , k̂2(ω) =
kf

1 + iω/γ
.

• Low frequency regime :

UD(R, t) = kf

(
UT (R, t)− 1

γ
U̇T (R, t)

)
(CTL model :

1

γ
↔ ∆t)
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model + permanent triaxiality
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: creep tide model + permanent triaxiality
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Choosing the right parameters...



Viscous timescales

• Time delays in INPOP19a :

∆tEarth ≈ 4.1min

∆tMoon ≈ 2.3 hr

• Earth viscous times

between 300 yr and 30Myr

(postglacial rebound since ≈ 20,000 yr)

Spada+ 2011
A GIA benchmark study 115

et al. 2004; Hagedoorn et al. 2006; Wolf et al. 2006). The influence

of rotational deformations on the viscoelastic response was addi-

tionally considered in Martinec & Hagedoorn (2005). The code

was extended to a 2-D viscosity structure and applied to regional

problems (Jacoby et al. 2007; Klemann et al. 2007) and the fully

3-D version is considered in Klemann et al. (2008) and Tanaka

et al. (2009) for the problem of postseismic deformation. The com-

pressibility has recently been implemented by employing FEs with

a constant density and compressibility (Tanaka et al. 2010). The

code is written in FORTRAN; for the 3-D routines, an OPENMP

parallelization is applied (OpenMP 2005). For the benchmarks con-

sidered in this paper, the 3-D version of the code is used by applying

it to the respective 1-D structures.

3.7 Zm

Contributions from Zm have been obtained using code VEENT,

which implements the matrix propagator technique in the Laplace

transform domain for computing the response of a self-gravitating,

incompressible, layered linear viscoelastic sphere to a surface grav-

itating load. It is based on the analytical formulae for the layer

propagator matrix (Martinec & Wolf 1998). Its explicit dependence

on the Laplace-transform variable s allows us to determine the am-

plitudes of viscous (isostatic) modes analytically.

4 R E S U LT S

4.1 Results for the wavenumber domain

4.1.1 Results for Test 1/1 (isostatic relaxation times)

The spectrum of relaxation times τ j( j = 1, . . . , M) for model

M3–L70–V01, displayed by small circles, is shown in Fig. 2. The

nine branches of the spectrum, labelled according to the usual con-

ventions in VNM theory (Peltier 1985; Spada et al. 1992), include

four ‘transient modes’ (T1-T4), a ‘core’ mode (C0), a ‘lithospheric’

mode (L0) and three ‘mantle’ modes (M0, M1 and M2). For insight

into the physical origin of these modes and how their number de-

pends upon the complexity of the model, see, for example, Peltier

(1985) and Wu & Ni (1996).

In Fig. 2, data from Vb, Rr, Gs and Zm are superimposed and

show an excellent mutual agreement with each other. According to

Table 5, where numerical values of τ j are shown for some n values,

predictions based on these four independently written codes are in

agreement at least in the first six significant figures (this holds for

all harmonic degrees in the range of Test 1/1). Considering the dis-

tinct approaches followed by the contributors (see Section 3) and by

the different numerical implementations, the results of this first test

have a particular importance, and confirm that the computation of

the isostatic spectrum of incompressible earth models is a straight-

forward task (Vermeersen et al. 1996b). This is true in spite of some

complexity in Fig. 2, as the coalescence of the T modes in the lower

part of the spectrum and the crossing of L0, M0 and C0 branches

for n ≈ 8.

4.1.2 Results for Test 2/1 (loading Love numbers)

Elastic and fluid loading Love numbers, according to Test 2/1, are

displayed in Fig. 3, where predictions from Vb, Rr and Gs are super-

imposed and shown as a function of harmonic degree n. The fluid

Love numbers have been computed by all contributors (Vb, Rr and

Figure 2. Spectrum of the isostatic relaxation times τ j, ( j = 1, . . . , M),

expressed in years, for model M3–L70–V01 in the range of degrees 2 ≤ n

≤ 256, according to data sets provided by Vb, Rr, Gs and Zm (Test 1/1).

The number of modes is M = 9, branches are labelled according to usual

conventions.

Gs) using eq. (2), which entails the computation of the viscoelastic

residues. Alternatively, these could be evaluated via the propaga-

tion of the solution through a perfectly fluid mantle up to the elastic

lithosphere (Wu & Peltier 1982). This latter approach, which for

an incompressible earth merely represents a consistency test, would

certainly be extremely helpful in the case of a compressible model,

for which the number of normal modes is infinite and their nu-

merical determination is extremely challenging (Vermeersen et al.

1996b).

The offset between the elastic (labelled by ‘e’) and fluid (‘f’)

curves provide, at any given harmonic degree, the total amount of

viscoelastic relaxation that each loading Love number undergoes.

For small n values, the load is close to a state of perfect isostatic equi-

librium in the fluid limit (kL
f ≈ −1 in frame c). For sufficiently large

n values, elastic and fluid Love numbers reach the same asymptote

since loads of sufficiently short lateral extent are fully supported by

the elastic lithosphere, which prevents mantle relaxation. All load-

ing Love numbers are negative, with the exception of the horizontal

Love number (frame b), which may change its sign in the transition

from the elastic to the fluid regime. Interestingly, for degree n ≈
15 the horizontal Love number shows a negligible amount of total

relaxation (lL
e ≈ lL

f ) but varies substantially between these two states.

From the results of Fig. 3 it is clear that the agreement between

predictions of elastic and fluid Love numbers provided by Vb, Rr, Gs

and Zm is fully satisfactory. Inspection of some numerical values,

displayed in Table 6 for reference, shows that predictions from

Vb, Rr and Gs coincide in the first eight digits in the range of

harmonic degrees. Small discrepancies are shown for computations

C© 2011 The Authors, GJI, 185, 106–132

Geophysical Journal International C© 2011 RAS
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Tidal torque

• Expression (Correia+ 2014) :

Γtide = −24
Gm2

R

∑

k

Im
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Ĉ22,T (ωk)Ŝ

∗
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Γtide ≈
3
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0R
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a6
Im

(
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• At synchronous rotation :

Γtide ≈ 18
Gm2

0R
5

a6
e2 Im

(
k̂2(n)

)

• Quality factor :

Im
(
k̂2(ω)

)
≡ −k2

Q
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Tidal torque
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∗
22,T (ωk)

)
Im

(
k̂2(ωk)

)

• Outside spin-orbit resonance :

Γtide ≈
3

2

Gm2
0R

5

a6
Im

(
k̂2(2Ω− 2n)

)

• At synchronous rotation :

Γtide ≈ 18
Gm2

0R
5

a6
e2 Im

(
k̂2(n)

)

• Quality factor :

Im
(
k̂2(ω)

)
≡ −k2

Q

17/27



Tidal quality factor of the creep tide model
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: creep tide model (first branch) + permanent triaxiality

5

10

15

20

25

30

0 1 2 3 4 5 6

synchronous rotation

3:2 spin-orbit resonance

R
ot
at
io
n
p
er
io
d
(d
ay
)

time (Myr)

19/27



Moon’s rotational evolution

assumption: tides in the moon only
prescription: creep tide model (second branch) + permanent triaxiality
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: creep tide model (second branch) without permanent triaxiality
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On the spin-orbit resonances



Creep tidal torque
• Expression (Correia+ 2014) :

Γtide = −24
Gm2

R

∑

k

Im
(
Ĉ22,T (ωk)Ŝ

∗
22,T (ωk)

)
Im

(
k̂2(2Ω− kn)

)

• Imaginary part of the Love number (Makarov & Efroimsky 2013):

Im
(
k̂2(ω)

)
= −kf

ω/γ

1 + (ω/γ)2
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Creep tidal torque
• Expression (Correia+ 2014) :

Γtide = −24
Gm2

R

∑

k

Im
(
Ĉ22,T (ωk)Ŝ

∗
22,T (ωk)

)
Im

(
k̂2(2Ω− kn)

)
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Equilibrium rotation rate

• Constant time lag model :

Ω

n
= 1 + 6e2 +O(e4)

• Creep tide model (Ferraz-Mello 2013) :

Ω

n
= 1 +

6e2

1 + n2/γ2
+O(e4)

• Arbitrary tidal model :

Ω

n
= 1 + 6e2

k̂2,i(n)

n k̂′2,i(0)
+O(e4) , k̂2,i ≡ Im

(
k̂2

)
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Effect of the rheology on the long-term
evolution
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Tidal response for arbitrary rheology



Equations of motion

• Constant time lag (Correia+ 2011) :

ȧ =
2K

βa2

(
f2(e)

ω

n
− f3(e)

)
a

ė =
9K

βa2

(
11

18
f4(e)

ω

n
− f5(e)

)
e

Ω̇ = −Kn

C

(
f1(e)

ω

n
− f2(e)

)

(Secular equations)
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Equations of motion

• Creep tidal model (Correia+ 2014) :

r̈ = −µ0

r2
r̂ − 3µ0R

2

2r4
J2r̂ − 9µ0R

2

r4

[
C22 cos 2δ − S22 sin 2δ

]
r̂

+
6µ0R

2

r4

[
C22 sin 2δ + S22 cos 2δ

]
K × r̂

θ̈ = −6Gm0mR2

Cr3

[
C22 sin 2δ + S22 cos 2δ

]
J̇2 + γJ2 = γkfJ

T
2

Ċ22 + γC22 = γkfC
T
22

Ṡ22 + γS22 = γkfS
T
22

(Instantaneous equations in the time domain)
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Equations of motion

• Arbitrary tidal model (Kaula 1964) :

ȧ = −1

2

m0

m

(
R

a

)5 ∞∑
p=−∞

[(
X−3,0

p

)2
pn k̂2,i(pn)− 3

(
X−3,2

p

)2
pn k̂2,i(ωp)

]
a

ė =
1− e2

e

[
CΩ̇

βna2
√
1− e2

+
ȧ

2a

]

Ω̇ =
3

2

βR2

C

m0

m

(
R

a

)3
[

∞∑
p=−∞

(
X−3,2

p

)2
k̂2,i(ωp)

]
n2 (ωp = 2Ω− pn)

(Secular equations in the Fourier domain)
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A few rheologies

models (e.g., Henning+ 2009) :

x

F

Newton creep rheology

η

x1 x2

F

Maxwell rheology

η µ

x

F

Kelvin-Voigt rheology

η

µ

x1 x2 x3

F

Burger rheology

η1

µ1

η2 µ3

notation :

x : strain F : stress µeff =
F

x
: effective rigidity
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Andrade model

x1 x2 x3

F

Andrade rheology

α

η µ

x0 x1 x2 x3

F

Sundberg-Cooper rheology

α

η1

µ1

η2 µ3

Model of TRAPPIST-1e Love number (Gevorgyan 2021) :

Maxwell

Burgers

Andrade

Sundberg-Cooper
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k
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Fractional derivative
dα

dtα
??
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Andrade model

x1 x2 x3

F

Andrade rheology

α

η µ

x0 x1 x2 x3

F

Sundberg-Cooper rheology

α

η1

µ1

η2 µ3

Andrade complex rigidity :

µ̂eff(ω) =
µ0

1 + Γ(1 + α)(iωτA)−α + (iωτM )−1

Fractional derivative
dα

dtα
??

25/27



Extended Burger model (Gevorgyan 2026)

Interior model :
Layered body — cross-section (visual thickness exaggerated)

1
2
3

4

5

1 — Inner core 213.5 km (213.5 km)

2 — Outer core 111.5 km (325.0 km)

3 — Lower mantle 175.0 km (500.0 km)

4 — Upper mantle 1197.2 km (1697.2 km)

5 — Crust 40.0 km (1737.2 km)

Love number :

10-9 10-8 10-7 10-6 10-5
ω (rad/s)

5.× 10-4

0.001

0.005

0.010

-Im[k2]
Dissipation (dominant 4 Voigt elements)

N-layer

Reduced Voigt

N-layer

ext. Burger

Approximated rheology :

x0 x̃0
x1 x2 xn

µ0 η0

µ1

η1

µ2

η2

µn

ηn

extended Burger rheology

F
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: constant time lag model
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: creep tide model (second branch)
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Moon’s rotational evolution

assumption: tides in the moon only
prescription: Layered model
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Thank you !



Normalised tidal torque of the layered model
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Love number
At the planet surface :

• Generating potential : UT (R, t)
• Potential due to the mass redistribution : UD(R, t)

UD(R, t) = k2 UT (R, t−∆t)
(Love 1909) + (Singer 1968)

M∗
0 (t−∆t)

M0(t)



Homogeneous elastic body

Transfer function :

UT (t) rheology UD(t)

Love number :

k2 =
3

2

1

1 + 2
µeff
ρgR



Homogeneous elastic body

Transfer function :
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gravity
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Homogeneous elastic body

Transfer function :

UT (t)
+
- rheology UD(t)

gravity

Love number :

k2 =
3

2

1

1 + 25
2

µeff
ρgR

(approximation: Ragazzo & Ruiz 2015)



Homogeneous elastic body

Transfer function :

UT (t)
+
- rheology UD(t)

gravity

Love number :

k2 =
3

2

1

1 + 4
2
µeff
ρgR

(approximation: Ferraz-Mello 2013)



Homogeneous elastic body

Transfer function :

UT (t)
+
- rheology UD(t)

gravity

Love number :

k2 =
3

2

1

1 + 19
2

µeff
ρgR

(exact calculation: Thomson 1863)



Correspondence principle

Transfer function :

ÛT (ω)
+
- rheology ÛD(ω)

gravity

Love number :

k̂2(ω) =
3

2

1

1 + 19
2

µ̂eff(ω)
ρgR

(exact calculation: Darwin 1879)



Tidal differential equation

In the Fourier domain :

Ĉ22(ω) = k̂2(ω)Ĉ
T
22(ω) (idem J2, S22, . . .)

Love number :

k̂2(ω) =
a0 + a1(iω) + a2(iω)

2 + · · ·
b0 + b1(iω) + b2(iω)2 + · · ·

Time domain :

b0C22+b1
dC22

dt
+b2

d2C22

dt2
+· · · = a0C

T
22+a1

dCT
22

dt
+a2

d2CT
22

dt2
+· · ·
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