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The complex tidal Love number
Tidal interaction = gravitational coupling between two celestial bodies 
causing deformation and energy dissipation.

PERTURBER

Ω

CENTRAL BODY

α ≈ Q−1

Gravitational/thermal forcing

Perturbed potential

Tidal response : 
➡ delayed by dissipative processes 
➡ quantified by the complex-valued tidal Love number k2

See Alexandre’s talk



Rocky planets are not homogeneous bodies

Core

Mantle

Ocean

Atmosphere

➡ Complex tidal response 
➡ Coupling between layers due to 
variations in self-attraction and loading

Tidal Love number = intrinsic 
quantity determined by the planet’s 
internal structure and rheology



The prominent role of fluid tides 

Solid part  99.99 %

Atmos.  0.01 %

Mass

Torque

On Venus

Relative contributions of the solid part  
and atmosphere to Venus’ spin evolution?

See Sylvio’s talk



The prominent role of fluid tides 

Accelerating torqueDecelerating  torque

Solid part  99.99 %

Atmos.  0.01 %

∼ 50 % ∼ 50 %

Mass

Torque

Gold & Soter (1969), Ingersoll & Dobrovolskis (1978), 
Dobrovolskis & Ingersoll (1980), Correia & Laskar 
(2001,2003), Revol et al. (2023), Musseau et al. (2024)

On Venus

Table 1: Numerical values of the amplitude of the atmospheric quadrupole (q0) and intrinsic thermal frequency
of the atmosphere (d0) derived from the global climate model.

Model outputSets of
simulations F (W.m⇠2) ps (bar) q0 (Pa) d0 (s⇠1) 2w/d0 (d)

Venus 2610 92 201 3.77�10⇠7 193

Inner 1366 1 1180 2.30�10⇠6 32
habitable zone 10 4050 1.46�10⇠6 50
Outer 450 1 890 1.18�10⇠6 62
habitable zone (N2) 10 2960 7.17�10⇠7 101
Outer
habitable zone (CO2) 450 10 2590 9.7�10⇠7 70
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Figure 2: Equilibrium spin states of the planet. Atmospheric (dashed), gravitational (dotted) and
total (solid) torque as a function of spin rate for two tidal models (Andrade: A, B, C; Constant-Q: D,
E, F). Arrows show the sense of spin evolution. A, D: weak atmospheric torque, only one equilibrium,
synchronous spin state exists (blue disk). B, E: bifurcation point (a = ac). C, F: the atmospheric torque
is strong enough to generate four asynchronous, equilibrium spin states, two being unstable (red circles)
and two being stable (blue disks; one is retrograde in the case shown). The synchronous spin state
remains stable.
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Leconte et al. (2015)

Venus is driven towards an 
asynchronous state of equilibrium 

Tidal locking!

stable

unstable

See Sylvio’s talk



The prominent role of fluid tides 

Solid part  99.98 %

Ocean   0.023 %

Atmosphere
8.6 × 10−5 %

Mass

Torque

On Earth

Solid, oceanic, and atmospheric contributions?



The prominent role of fluid tides 

Accelerating 
torque

Decelerating torque

Solid part  99.98 %

Ocean   0.023 %

Atmosphere
8.6 × 10−5 %

∼ 7 % Ocean   ∼ 85 % ∼ 8 %

Mass

Torque

Mathews & Lambert (2009) + Lambeck (1980), Egbert & Ray (2000, 2001, 2003)

Kelvin (1882),  
Chapman & Lindzen (1970), 
Zahnle & Walker (1987), Ray 
(2001),  Schindelegger & Ray 
(2014)

On Earth



Solid tides

The Astrophysical Journal, 746:150 (20pp), 2012 February 20 Efroimsky
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Figure 2. Negative imaginary part of the complex quadrupole Love number, k2 sin ε2 = − Im[k̄2(χ )], as a function of the tidal frequency χ . The black, red, and
blue curves refer, respectively, to Iapetus, Mars, and the solid Earth. The cyan and green curves refer to the two hypothetical superearths described in Table 1. These
superearths have the same rheology as the solid Earth but have sizes R = 2 R⊕ and R = 4 R⊕. Each of these five objects is modeled with a homogeneous near-spherical
self-gravitating Andrade body with α = 0.2 and τA = τM = 1010 s. In the limit of vanishing tidal frequency χ , the factors k2 sin ε2 approach zero, which is natural
from the physical point of view. Indeed, an lmpq term in the expansion for tidal torque contains the factor kl(χlmpq ) sin εl (χlmpq ). On crossing the lmpq resonance,
where the frequency χlmpq goes through zero, the factor kl(χlmpq ) sin εl (χlmpq ) must vanish, so that the lmpq term of the torque could change its sign.

Table 1
Estimates of A

(static)
2 for Rigid Celestial Bodies

Radius Mean Density Mean Relaxed The Resulting
(R) (ρ) Shear Rigidity (µ(∞)) Estimate for A2

Iapetus 7.4 × 105 m 1.1 × 103 kg m−3 4.0 × 109 Pa 200

Mars 3.4 × 106 m 3.9 × 103 kg m−3 1.0 × 1011 Pa 19

Earth 6.4 × 106 m 5.5 × 103 kg m−3 0.8 × 1011 Pa 2.2

A hypothetical super-Earth
with R = 2 R⊕ and the 4.5 × 108 m 5.5 × 103 kg m−3 0.8 × 1011 Pa 0.55
same rheology as Earth

A hypothetical super-Earth
with R = 4 R⊕ and the 9.0 × 108 m 5.5 × 103 kg m−3 0.8 × 1011 Pa 0.14
same rheology as Earth

Notes. The values of A
(static)
2 are calculated using Equation (58) and are rounded to the second figure.

6. TIDAL DISSIPATION VERSUS SEISMIC DISSIPATION IN THE ANELASTICITY-DOMINATED BAND

In this section, we shall address only the higher-frequency band of the spectrum, i.e., the range where anelasticity dominates
viscoelasticity and the Andrade model is applicable safely. Mind though that the Andrade model can also embrace the near-Maxwell
behavior, and thus can be applied to the low frequencies, provided we “tune” the dimensionless parameter ζ appropriately—see
Section 3.4 above.

6.1. Response of a Sample of Material

At frequencies higher than some threshold value χ0, dissipation in minerals is mainly due to anelasticity rather than to viscosity.15

Hence, at these frequencies ζ should be of order unity or smaller, as can be seen from Equation (33b). This entails two consequences.
First, the condition χ % 1/(ζ τM ), i.e., z % 1 is obeyed reliably, for which reason the first term dominates the denominator in
Equation (38). Second, either the condition z % 1 is stronger than z % ζ 1/(1−α) or the two conditions are about equivalent. Hence
the anelastic term dominates the numerator in Equation (38): z−α % z−1 ζ .

Altogether, over the said frequency range, Equation (38) simplifies to:

tan δ ≈ (χτA)−α sin
(α π

2

)
Γ(α + 1) = (χ ζ τM )−α sin

(α π

2

)
Γ(α + 1). (66)

15 For the solid Earth, this threshold is about 1 yr−1 (Karato & Spetzler 1990). Being temperature sensitive, the threshold may assume different values for other
terrestrial planets. Also mind that the transition is not sharp and can extend over a decade or more.
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Efroimsky (2012)

Remus et al. (2012)

➡ spherically symmetric internal structure;  

➡ quasi-static adjustment;  

➡ no resonantly excited wave (equilibrium tide)

Equilibrium tide = no resonance

See Gwenaël’s talk



Tidal wave families A&A 615, A23 (2018)

Fig. 3. Frequency spectrum of waves likely to be excited by the tidal
perturbation and of the corresponding tidal regimes. The characteristic
frequencies of the system are, from left to right, the drag frequency �R,
the inertia frequency 2⌦, the surface-gravity waves cut-off frequency
�g =

p
gH/R, the Brunt–Väisälä frequency N, and the acoustic cut-

off frequency �s = cs/r. Their hierarchy can vary as a function of
the physical and dynamical properties of the planet. In the case of
the Earth’s ocean, �R ⇡ 10�5 s�1 (Webb 1980), 2⌦ = 1.46 ⇥ 10�4 s�1,
�g = 3.1⇥10�5 s�1, N ⇡ 2.2⇥10�3 s�1 (Gerkema & Zimmerman 2008),
and �s = 6.3 ⇥ 10�3 s�1.

The radial profiles of the (m,�)-components are themselves
written

U
m,�
l = Um,�

⇠;l +U
m,�
⇢;l , (37)

where we have introduced the contribution of the surface dis-
placement Um,�

⇠;l and of the internal density variations Um,�
⇢;l . In

the following, we use the subscripts ⇠ and ⇢ to make the distinc-
tion between the two contributions in a systematic way. At the
planet surface (x = 1), the two components of the potential are
expressed as

U
m,�
⇠;l (1) =

4⇡G R
2l + 1

⇢0 (1) ⇠m,�r;l (1) , (38)
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with G representing the universal gravity constant. Expanded in
Hough functions, they write

U
m,�
⇠;l (1) =
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⇢0 (1)
X

n
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In these expressions, the complex weighting coefficients
Cm,⌫̃

l,n,k are expressed as

Cm,⌫̃
l,n,k = Bm,⌫̃

k,n Am,⌫̃
n,l , (42)

where the Am,⌫̃
n,l and Bm,⌫̃

k,n designate the mutual projection coeffi-
cients of the Hough functions on normalized associated Legen-
dre polynomials, defined respectively by the expansions

⇥m,⌫̃
n (✓) =

X

l�m

Am,⌫̃
n,l Pm

l (cos ✓) , (43)

Pm
k (cos ✓) =
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Bm,⌫̃
k,n⇥

m,⌫̃
n (✓) . (44)

The Cm,⌫̃
l,n,k coefficients quantify the coupling induced by the

Coriolis effects in the dynamics of the tidal response. They
are real in the non-frictional case (�R = 0 and ⌫̃ = ⌫), where
Am,⌫

n,l = hP
m
l ,⇥

m,⌫
n i and Bm,⌫

k,n = h⇥
m,⌫
n , Pm

k i = Am,⌫
n,k , the notation

h·, ·i standing for the scalar product defined for any Pm
l and ⇥m,⌫

n
as

hPm
l ,⇥

m,⌫
n i =

Z ⇡

0
Pm

l (cos ✓)⇥m,⌫
n (✓) sin ✓ d✓. (45)

In the case of a non-rotating planet (⌦ = 0 and ⌫ = 0), there is no
coupling. Therefore, Cm,0

l,n,k = 1 if l = n + m = k, else Cm,0
l,n,k = 0.

The notations ⇠m,�r;n,k = ⇠
m,�
r;n

⇣
Um,�

k

⌘
and �⇢m,�

n,k = �⇢
m,�
n

⇣
Um,�

k

⌘
in

Eqs. (40) and (41) stand for the vertical displacement and density
variations due to the Pm

k -component of the forcing projected on
the (n,m, ⌫̃)-Hough function. The expressions of the components
of the tidal potential (Eqs. (40) and (41)) allow us to compute
complex Love numbers, which are commonly used to quantify
tidal dissipation in celestial bodies (Tobie et al. 2005; Remus
et al. 2012; Ogilvie 2014). Love numbers are defined as the ratio
between the gravitational potential due to the distortion and the
tidal gravitational potential taken at the external surface of the
body (r = R). Thus, oceanic Love numbers associated with the
triplet (l,m,�), denoted km,�

l , are defined as

km,�
l =

U
m,�
l

Um,�
l

������
x=1
. (46)

Here, <
n
km,�

l

o
and =

n
km,�

l

o
stand for the tidal response of the

ocean to the (l,m)-component of the excitating tidal potential.
The Um

l are provided by the Kaula’s multipolar expansion of the
tidal gravitational potential and are expressed as functions of the
Keplerian elements of the planet-perturber system (Kaula 1966;
Mathis & Le Poncin-Lafitte 2009).

Because of internal dissipation, the variation of mass distri-
bution due to the tidal perturbation generates a tidal torque. The
torque exerted by the perturber on the oceanic layer with respect
to the spin axis of the planet, denoted T , is given by

T =
X

m,�

⇣
T

m,�
⇠ + T m,�

⇢

⌘
. (47)

The components T m,�
⇠ and T m,�

⇢ of the (m,�)-mode are defined
as

T
m,�
⇠ = <
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1
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)
, (49)

where ⇤ stands for the conjugate of a complex number and< its
real part (= will be used here for the imaginary part), ⇢s = ⇢0 (1)
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Tidal 
frequency

Auclair-Desrotour et al. (2018)

Acoustic cutoff 
frequencyBrunt-Väisälä 

frequency

Friction 
frequency

Inertial 
frequency

Characteristic 
frequency of 

gravity modes

Archimedean 
force

Coriolis 
force

Gravity Compressibility

Dynamical tide = tide formed by resonantly excited modes (Zahn 1975).



Laplace’s tidal equations (LTEs)

∂tV+σRV + f × V + g∇(ΓDζ−ΓTζeq) = 0

∂tζ + ∇ ⋅ (HV) = 0

f = 2Ω cos ̂θer

∇ = R−1 [eθ∂θ + eφ (sin θ)−1 ∂φ]
∇ ⋅ V = (sin θ)−1 [∂θ (sin θVθ) + ∂φVφ]

HORIZONTAL MOMENTUM EQUATION 
(+ POISSON’S EQUATION)

CONSERVATION OF MASS

CORIOLIS PARAMETER

HORIZONTAL GRADIENT OPERATOR

HORIZONTAL DIVERGENCE OPERATOR

gravitydrag

Coriolis

self-attraction  
+ loading

Laplace, P. S. (1798),  
Traité de mécanique céleste; 
Longuet-Higgins (1968); 
Longuet-Higgins & Pond (1970)

➡ Forced wave equations on a 
spherical shell

forcing
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Global-ocean model 
➡ spherical ocean  
Longuet-Higgins (1968), Auclair-
Desrotour et al. (2018, 2019), 
Tyler (2021)
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Auclair-Desrotour et al. (2023)



Frequency dependence of the oceanic tidal torque
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Staircase patterns in the history of Earth’s rotation
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Farhat et al. (2022)

Oceanic resonance 
= staircase pattern

➡ Predominance of ocean tides 
➡ Staircase patterns observed in geological records

Zhou, Wu, Hinnov et al. (2024);  
Wu, Malinverno, Meyers, Hinnov (2024)

https://www.astrogeo.eu

See Jacques’ talk

https://www.astrogeo.eu


Anisotropic tidal response
Coriolis

Continents Coastal scattering

Rotational scattering ➡ Multiple resonantly excited modes 
➡ The tidal response depends on the 

planet’s obliquity

Auclair-Desrotour, Farhat, Boué, Gastineau, Laskar (2023)

Greenland
Auclair-Desrotour, Boué, Loire (2025)

➡ The isotropic approximation results in 
significant errors for ocean planets

Spurious resonances

➡ Semi-analytical theory generalised 
to continents of arbitrary sizes

See posters 1 & 2



Tidal energy dissipation in Earth’s oceans628 F. H. Lyard et al.: FES2014 global ocean tide atlas

Figure 6. Energy (W m�2) dissipated by bottom friction in the FES2014 hydrodynamic model, for the M2 wave, and polygons used for the
perturbations of the bottom friction coefficient.

built by following the methodology described in the next sec-
tions.

4.2.1 Perturbation of the loading tide

Numerical experiments have shown that the model is very
sensitive to the explicit LSA forcing, with tidal species de-
pendence. Namely, the diurnal tidal components (K1, O1) are
improved when using the FES2012-derived LSA, while the
semi-diurnal tidal components (M2, S2) are better resolved
when using the FES99-derived LSA. The latter result needs
some explanations: first, the FES2014 hydrodynamic config-
uration has been adjusted (i.e. bottom friction and internal
wave drag due to barotropic to baroclinic energy conversion,
denoted IWD) in simulations using the FES99 LSA, and in-
cluding clearly an error compensation contribution, i.e. con-
figuration adjustments compensate for the FES99 LSA de-
fects. Consequently, considering the high level of accuracy
of the hydrodynamic solutions and thus the sensitivity to any
minor changes, they are not fully appropriate for a simula-
tion forced with another LSA atlas; second, the most sen-
sitive component in the adjustment process is clearly M2,
as bottom friction is truly non-linear for M2, as it has the
strongest currents and the dominates the velocity amplitude
in the non-linear friction term, and as the other constituents
have consequently a kind of quasi-linear friction in the pres-
ence of M2 dominant velocities. So using a more modern
and more accurate LSA will usually profit all constituents but
M2, as it would require reprocessing the adjustment steps to

get back at least to a similar or improved accuracy. In order
to obtain a thorough description of the model errors, all the
simulations based on perturbations were done twice, using
the FES99 and the FES2012 loading tides as input, respec-
tively. This doubled the number of members in the ensembles
described hereinafter.

4.2.2 Perturbation of the bottom friction roughness

Figure 6 shows the energy dissipated by the bottom friction
in the FES2014 hydrodynamic model for the M2 tidal com-
ponent. As expected, the areas where the dissipation is the
largest correspond to the shelves and coastal seas. The model
is consequently more sensitive to the bottom friction coeffi-
cient in these areas. Following this map, 13 polygons, high-
lighted in red in Fig. 6, were defined in order to generate lo-
cal perturbations of the bottom friction coefficient in signif-
icant bottom friction tidal dissipation regions. The definition
of tuning polygons is a compromise to include the most sig-
nificant sites for tidal dissipation and to limit the number of
polygons (to avoid too many members in our ensembles). For
each of these polygons, the bottom friction roughness was
assigned eight different values ranging around the global-
average value set for the reference hydrodynamic simulation
(10�3 m). As presented above, all the simulations were done
twice, with the FES99 and the FES2012 loading tides, re-
spectively, as input, and the ensemble of bottom friction per-
turbations finally contained 208 members.

Ocean Sci., 17, 615–649, 2021 https://doi.org/10.5194/os-17-615-2021

Dissipative 
➡Bottom     
➡Barotropic-to-baroclinic      Lyard et al. (2021))

See Egbert & Ray 
(2000, 2001, 2003)

Shallow seas 
( )H < 100 m

Deep  
 H ∼ 4000 m



New fast FEM-solver for ocean planets

Pangea  
(150 Ma)

z

y x

Baptiste Loire 
(3rd yr PhD student)

➡ Self-consistent solving of coupled solid and oceanic tides

See Baptiste’s talk = 1 minute with 1 CPU



The accelerating thermotidal torque

The atmosphere acts as an energy converter: 

Radiative energy  Mechanical energy→

Radiative forcing

Perturbed potential

Ω

NP

α

Tidal bulge in advance 
= 

 Accelerating torque

Auclair-Desrotour et al. (2017) 
© J. Laskar  / 48.4° N, 2.7° E 
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Thomson (1882), On the 
thermodynamic acceleration 
of the Earth’s rotation

O3, H2O, …



The Precambrian tide-lock hypothesis

A stalled 19h-LOD 
around 1.5-2 Ga?

Mitchell & Kirscher (2023) + 
Laskar et al. (2024)

LOD = length of the day

present 



The key role of resonantly excited Lamb waves

Present

Lamb wave 
resonance

Lamb waves = planetary-scale 
compressibility modes similar to 
oceanic surface gravity modes.

Zahnle & Walker (1987) 

Venus-like planets can also be tide-
locked in fast asynchronous rotation!

Bartlett & Stevenson (2023); Mitchell & Kirscher (2023); 
Wu et al. (2023); Farhat et al. (2024); Laskar et al. (2024)

➡ For Earth, this question is still debated

➡ Dependence on gas mixture and 
atmospheric structure
Farhat et al. (2024); Auclair-Desrotour et al. (2026, submitted)

➡ Coupling with the planet’s interior 
e.g. water cycle, carbon cycle



The atmospheric tidal theory

∂tVθ −2Ω cos θVφ +
1
R

∂θ ( δp
ρ0

−U) = 0

∂tVφ +2Ω cos θVθ +
1

R sin θ
∂φ ( δp

ρ0
−U) = 0

∂zδp+gδρ−ρ0∂zU = 0
Dρ
Dt

+ ρ0 (∂zVr + ∇h ⋅ V) = 0

1
Γ1

Dp
Dt

− gH
Dρ
Dt

+ρ0ℛsσ0δT−κρ0J = 0

δp
p0

−
δρ
ρ0

−
δT
T0

= 0

HORIZONTAL MOMENTUM EQUATIONS

HYDROSTATIC BALANCE

CONSERVATION OF MASS

THERMODYNAMIC EQUATION

IDEAL GAS LAW

Thermal forcing

Coriolis

Buoyancy

Radiative cooling

Gravitational forcing



Unified analytical solution
Isothermal atmospheres 

(= uniform temperature T)
Isentropic atmospheres 

(= uniform potential temperature )θ

Unified solution
Lindzen (1978); Farhat et al. (2024)Lindzen et al. (1968); Lindzen & 

Blake (1972a); Auclair-Desrotour 
et al. (2017a)

Auclair-Desrotour et al. (2026a, b), submitted
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➡ Explicit dependence on tidal frequency 
and several key parameters 
➡ Full characterisation of the resonance’s 

properties 
➡ Excellent agreement with barometric 

measurements
σn =

ΛngHs

R

θ = T ( Pref

P )
κ

= cst

T = cst

Hs =
RspecTs

g
•  = surface temperature 
•  = specific gas constant (gas mixture)

Ts
Rspec



Template

Tide-locked  
  

(e.g. 

𝒯therm ≪ 𝒯grav 𝒯therm ∼ 𝒯grav

tidal lock radius 

outer edge  
of the tidal 
influence zone

Credits: ESO

Water worlds

Eyeball lava 
worlds

No     
  

Asynchronous  
 

𝒯grav ∝ a−6

𝒯therm ∝ a−5

4 asynchronous 
states



Conclusions
➡ Oceanic and atmospheric tidal dissipation predominate on rocky planets due to 

resonances (dynamical tide) 

➡ Coriolis effects and continents induce multiple oceanic tidal modes (scattering) 

➡ Oceanic resonances result in staircase patterns shaping the evolution of the 
Earth-Moon system 

➡ Resonantly excited Lamb waves enhance the thermotidal torque 

➡ Possible tidal locking in fast asynchronous rotation  
(additional equilibrium states) 

➡ Theory applicable to extrasolar water and lava worlds 


