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(everything you want
to know about resonances)




Question. what is v resonance?

°)



Terminology of galactic dynamics

Planar restricted 3-body problem:

2-degree of freedom system =2
2 fundamental frequencies, n (mean motion) and « (epicyclic)



Lindblad resonownces



Simple if problem circular, restricting ourselves to
the radial degree of freedom (associated with «)
-2 integrable

p=mi;—(m-—DA— @

(called Lindblad resonances in ring dynamics)

A nice geometrical view of a 1st-order resonance
has been provided by...



..."A morphogenic analysis of the orbits in
the case of a first-order resonances”
(Ferraz-Mello, CelMec 1985)

Y= e.sin(¢)

“Mexican hat” part of the
Hamiltonian #(X,Y)



Ferraz-Mello CelMec (1985)

Mexican hat

— )
-~ -~ -

E

1st-order resonance
- Mexican hat
cut by a plane

See also Henrard & Lemaitre
“A second fundamental model
for resonance”, CelMec (1984)



Let’s be crazy...
what about a “more extended fundamental model for resonance”?

i.e. at m/(m-j) j""-order resonance?




l Let’s be crazy: what happens at a m/(m-j) j* order resonance?

X = ecos(¢) and Y = esin(#), where resonantangleis [ = mAd,— (m — )1 — @

Jacobi constant (parameter)

HXY) = —%[AJ—(

"’2—_]]) (X2 +1?)

1§ J \ _J
Y

Mexican hat (unperturbed) resonance perturbation

P(X,Y): homogeneous polynomial of degree j lllesonance order j ?"2)
int(j/2) 2 _y?
kirikoor Dk 70k 2 X7
PX,Y)= ) (-D'CixIy* 3 X° - 3X7?
k=0 4 X*+ Y- 6X%Y?
5 3y2 4
5 X° - 5X°Y" + 10XY Sicardy et al (2025)




15t —order resonance ' N

Mexican hat




1t —order resonance ' -

perturbation



1t —order resonance |




15t —order resonance




2"d-order resonance A




2"d-order resonance ‘




4th-order resonance



4th-order resonance

Zoom arriéere



Jacobi constant

order 2

v

order 3

v

order 4

v

order 5

Sicardy et al, A&A 2025
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First-order resonances i (b) Second-order resonances 1 (C) Third-order resonances (d) Fourth-order resonances
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c | | Sicardy et al, A&A 2025




covotaliovnw resonances



What if we focus on the longitudinal degree of freedom
(associated with n, ignoring the d.o.f. associated with «)?
-2 integrable

¢ =mA; — (m—j)A— w;s:,

(called corotation resonances in ring and galactic dynamics)












Sicardy Icarus (1991)



Sicardy Icarus (1991)



Corotation with constant rate of migration
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El Moutamid, Sicardy, Renner CelMec (2017)



Lindblad and corotatiov resonoaunces
(the elliptic restricted 3-BP)



plan équatorial
de la planéte

_ particule piegee
dans un site de orotation




NEPTUNE’S ARCS DYNAMICS

a (km)

Im|= 42 T e = el - - . - 0.045 km

23.8 km

62930

62910

Foryta & Sicardy (1996)



A supplementary constant of motion exists

- the restricted problem
is integrable! (Sessin & Ferraz-Mello 1985,——3>

Wisdom 1986)

for elliptical restricted
problems, this constant is

They are non longer integrable!

’

The “Coralin model”

El Moutamid, Sicardy & K
Renner Cel’Mec (2014)




MOTION OF TWO PLANETS WITH PERIODS COMMENSURABLE IN THE RATIO 2 : 1
SOLUTIONS OF THE HORI AUXILIARY SYSTEM The Elliptic Planar restricted problem
has two degrees of freedom, i.e. two
critical arguments, yet it is integrable

W. SESSIN due to Sessin’s constant of motion

Instituto Tecnoldgico de Aerondutica, Departamento de Astronomia,

12200~-Sao José dos Campos, SP, Brazil

Why?!

and

S. FERRAZ-MELLO

Universidade de Sao Paulo, Departamento de Astronomia, 04301-Sao
. CelMec 1984
Paulo. SP. Brazil

CANONICAL SOLUTION OF THE TWO CRITICAL
ARGUMENT PROBLEM

JACK WISDOM
Department of Earth, Atmospheric and Planetary Sciences Massachusetts Institute of Technology |CelMec 1986




Aa
_ == 2 _
Circular RP3BP, Jacobi constant: Je = a T me” = constant
- Aa 2‘
Elliptic RP3BP, relative Jacobi quantity: Jeret = PN +m(e —aeg)

e =|ecosw,esinw]

e; = | escos wy, eg sin wy| Keplerian case: no secular
change of w and @y, then
it can be shown that J. ;¢

is a constant of motion =2

A

The 2-degree of freedom
system is integrable

However, in general, secular change
> of @ and wg 2 J ¢ varies 2
system not integrable

El Moutamid et al. CelMec (2014)



Relaxing the restricted hypothesis=>

12 Aag

]crel _AZ__ A +m(|A|e |A’|es )Zl

(0%

Hill's problem: A ~ A" >

Aa Aas is conserved
= + e—e J
. Jerer ag Al ) (Hénon & Petit CelMec 1986)

Questions: ] .¢; is conserved near a m/m-1 resonance and
for the asymptotic Hill’s problem. So, is it true everywhere?



A supplementary constant of motion exists

- the restricted problem
is integrable! (Sessin & Ferraz-Mello 1985,——3>

Wisdom 1986)

for elliptical restricted
problems, this constant is

They are non longer integrable!

’

The “Coralin model”

El Moutamid, Sicardy & K
Renner Cel’Mec (2014)




Epot

Corotation with constant rate of migration

10









plan equatorial
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 patticule piegée
.~ dans un site de corotation -

maXImumde . . .
N ‘ ._ Sicardy, La Recherche (1994), from idea of
~ Goldreich, Tremaine, Borderies (1986)







NEPTUNE’S ARCS DYNAMICS
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NASA/Voyager

August 1989
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The covuwnection between disks, resonaunces
ond tides. ..
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DISK-SATELLITE INTERACTION
SOME REMARKS

ICARUS 69, 157-175 (1987)

On the Physics of Resonant Disk—Satellite Interaction

N. MEYER-VERNET! anD B. SICARDY?
Observatoire de Paris, 92195 Meudon Principal Cedex, France

Received June 6, 1986; revised September 15, 1986

Within the framework of a single derivation, we study the transfer of angular momentum in a disk
subjected to a linear perturbation at Lindblad resonance, whenever the physics include friction,
nonstationarity, or self-gravitation, pressure, and viscosity. Each of the above physical processes
can be described by one parameter which indicates the main physics at work and the resonance
width. We show that dissipation or waves are not formally necessary for a torque to appear, but
only for the problem to remain stationary and/or linear. In this framework, the torque exerted at an
isolated resonance is independent of the particular physics at work. We consider applications to
numerical simulations, the impulse approximation, planetesimal accretion, and edges and gaps in

planetary rings. © 1987 Academic Press, Inc.

1. INTRODUCTION

Resonance effects between a disk and a
satellite orbiting a massive body can dra-
matically shape the structure and evolution
of the disk. Such effects are found in differ-
ent objects such as galaxies perturbed by a
central bar, accretion disks in close binary
systems, planetary rings perturbed by satel-
lites, or the asteroid belt subjected to Jupi-
ter’s influence. These systems share com-
mon dynamics, even though their physics
and spatial scales are very different.

The aim of this paper is to present in a
general way the exchange of angular mo-
mentum (torque) between the ‘‘satellite’
and the disk in a typical case of resonances,
namely the Lindblad resonances which oc-
cur when the mean motion of the disk parti-
cles and that of the satellite are in the ratio
m/(m * 1), where m is a positive integer.

Our starting point lies in some previous
studies of Lindblad resonances for various
astrophysical objects and in the connection
of such problems to plasma physics. An in-
triguing point is that the expression of the
torque always bears the same form in spite
of the very different physics at work

I CNRS UA 264.
2 Université Paris VII.

(Goldreich and Tremaine, 1982). To quote a
few examples, we can think of galactic dy-
namics (Lynden-Bell and Kalnajs, 1972),
accretion disks (Lin and Papaloizou, 1979),
planetary rings (Goldreich and Tremaine,
1979), and numerical simulation (Sicardy,
1985). Also, the sign of this torque is always
the same, so that the satellite always repels
the disk. The torque per unit of surface den-
sity does not depend on the physical param-
eters of the disk, but only on the mass of
the satellite, the mass of the central body,
and the order m of the resonance (cf. Eq.
(16) of this paper).

Greenberg (1983) proposed to answer
that puzzle by assuming that the particles
are subjected to friction effects which sup-
press the singularity at exact resonance. As
the damping decreases, the perturbed mo-
tion of the particle increases but the width
of the resonance shrinks, so that the two
effects compensate and the torque is inde-
pendent of the damping coefficient.

However, other mechanisms such as
density waves (Goldreich and Tremaine,
1979) can create a torque without explicit or
implicit dissipation. We show in this paper
that a wide class of physical processes can
actually displace the resonance frequency
in the complex plane, so that the torque
density function (torque per unit radius) has

157

0019-1035/87 $3.00
Copyright © 1987 by Academic Press, Inc.
All rights of reproduction in any form reserved.
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The response of a disk to a perturber is a kind tidal effect!

4 Tides, Rotation, and Shape

RESON/ANCE RADIUS (2:1)

A SATELLITE
' —

Sicardy 1985 Murray & Dermott 1999
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Im (1/x.)
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x=Re (x.)
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X —Xe -sin®

x=Re (x)

Meyer-Vernet & Sicardy 1987
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- _ Meyer-Vernet &
viscosity damping Sicardy 1987




twre of rings inv resonances
wp around small objecty:
v suprising resudt
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1/3 Spin-Orbit Resonance (SOR)

mass anomaly l







the 1/3 resonance:
the recipee for a disaster...
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N-body collisional simulation
40,000 particles, radius 25 m
complete (3D, 2m), no self-gravity

P00j_selec_40_step 3 2372 _2372 mu_3d3_s0125_d01_100]_200

-
-

™

1/3 SOR

Radius 1001x1001

o l !
a wave or a clump? Or a “wump®“?

4 100 200 300 Salo &

187.70 yr Sicardy
A&A 2026
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Free modes:
Lindblad-type
m-lobed oscillations

Salo &
Sicardy
A&A 2026



©=0.003 1/3 resonance
final ringlet stage

rot=1/3 (co—rotating with the ringlet)

After subtracting the —_ 1 km

m=1, 2, 3 modes

Salo &
Sicardy
A&A 2026



The ring is confined at the
1/3 Spin-Orbit Resonance,
but does not have a 1/3 resonant behavior!

1/3 Spin-Orbit Resonance

!







