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(everything you want
to know about resonances)



Question: what is a resonance?
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Planar restricted 3-body problem:

2-degree of freedom system à
2 fundamental frequencies, ! (mean motion) and " (epicyclic)

Terminology of galactic dynamics



Lindblad resonances



A nice geometrical view of a 1st-order resonance 
has been  provided by…

Simple if problem circular, restricting ourselves to 
the radial degree  of freedom (associated with κ)

à integrable

! = #$! − # − 1 $ − '

(called Lindblad resonances in ring dynamics)



“Mexican hat” part of the
Hamiltonian H(X,Y)

X= e.cos(f)

Y= e.sin(f)

X Y

…“A morphogenic analysis of the orbits in 
the case of a first-order resonances“

(Ferraz-Mello, CelMec 1985)



Ferraz-Mello CelMec (1985)

See also Henrard & Lemaitre
“A second fundamental model 
for resonance“, CelMec (1984)

Mexican hat 1st-order resonance
àMexican hat

cut by a plane



Let’s be crazy…

what about a “more extended fundamental model for resonance“? 

i.e. at m/(m-j) jth-order resonance?



Sicardy et al (2025)

where resonant angle is 

à

Let’s be crazy: what happens at a m/(m-j) jth order resonance?

Jacobi constant (parameter)

Mexican hat (unperturbed) resonance perturbation

P(X,Y): homogeneous polynomial of degree j
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perturbation
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1st –order resonance
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2nd-order resonance



2nd-order resonance



4th-order resonance



4th-order resonance
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Sicardy et al, A&A 2025
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corotation resonances



!′ = #$! − # − ( $ − '!

What if we focus on the longitudinal degree of freedom 
(associated with n , ignoring the d.o.f. associated with  κ)?

à integrable

(called corotation resonances in ring and galactic dynamics)









Sicardy Icarus (1991)



Sicardy Icarus (1991)











El Moutamid, Sicardy, Renner CelMec (2017) 



Lindblad and corotation resonances
(the elliptic restricted  3-BP)



Sicardy, La Recherche (1994), from idea of
Goldreich, Tremaine, Borderies (1986)

Galatea seen
from arcs

42:43 resonance
with Galatea

maximum de
potentiel !



Foryta & Sicardy (1996)



Lindblad

Lindblad
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Lindblad

corotation

corotation

corotation
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The “Coralin model“
El Moutamid, Sicardy & 
Renner Cel’Mec (2014)

A supplementary constant of motion exists 
à the Keplerian elliptical restricted problem 
is integrable! (Sessin & Ferraz-Mello 1985, 
Wisdom 1986)

for non-Keplerian elliptical restricted 
problems, this constant is destroyed, 
They are non longer integrable! 



CelMec 1986

CelMec 1984

The Elliptic Planar restricted problem
has two degrees of freedom, i.e. two
critical arguments, yet it is integrable
due to Sessin’s constant of motion

Why?!
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+12! = constant

-",%&' = ()
)!
+1(9 − :9* )!

9 = 2cos;, 2 sin;
!

!!"
""

9+ = 2*cos;*, 2* sin;*

Circular RP3BP, Jacobi constant: 

Elliptic RP3BP, relative Jacobi quantity: 

El Moutamid et al. CelMec (2014) 

Keplerian case: no secular
change of ; and ;*, then
it can be shown that -",%&'
is a constant of motion à

The 2-degree of freedom
system is integrable

However, in general, secular change 
of ; and ;* à -",%&' varies à
system not integrable



-",%&' = >! ())! − >′! ()")!"
+1(|>|9 − |>,|9* )!

Relaxing the restricted hypothesisà

-",%&' = ()
)!
− ()"

)!"
+ A(9 − 9* )! is conserved

(Hénon & Petit CelMec 1986)

Hill’s problem: > ≈ >′à

Questions: -",%&' is conserved near a m/m-1 resonance and
for the asymptotic Hill’s problem. So, is it true everywhere?

Relaxing the restricted hypothesis:
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corotation

corotation
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corotation

The “Coralin model“
El Moutamid, Sicardy & 
Renner Cel’Mec (2014)

A supplementary constant of motion exists 
à the Keplerian elliptical restricted problem 
is integrable! (Sessin & Ferraz-Mello 1985, 
Wisdom 1986)

for non-Keplerian elliptical restricted 
problems, this constant is destroyed, 
They are non longer integrable! 









Sicardy, La Recherche (1994), from idea of
Goldreich, Tremaine, Borderies (1986)

Galatea seen
from arcs

42:43 resonance
with Galatea

maximum de
potentiel !





Foryta & Sicardy 1996

chaotic motion
from site to site



NASA/Voyager
August 1989

Liberté
Egalité

Fraternité



Liberté
Egalité

Fraternité

EgalitéFraternité

new arc? (Sincérité)

Souami et al. in preparation

Keck image, H-band, 7 Oct. 2021



The connection  between disks, resonances 
and tides…
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Within the f r amework  o f  a single derivation,  we s tudy the t ransfer  o f  angular  m o m e n t u m  in a disk 
subjected to a linear per turbat ion at Lindblad resonance ,  wheneve r  the phys ics  include friction, 
nonsta t ionar i ty ,  or  self-gravitation, pressure ,  and viscosity.  Each  of  the  above physical  p rocesses  
can be descr ibed by one pa ramete r  which indicates the main physics  at work and the resonance  
width.  We show that  dissipation or waves  are not  formally necessary  for a torque to appear,  bu t  
only for the  problem to remain s tat ionary and/or  linear. In this f ramework,  the torque exer ted at an 
isolated resonance  is independent  of  the particular physics  at work. We consider  applications to 
numerical  s imulat ions ,  the  impulse  approximat ion,  planetesimal  accretion,  and edges and gaps in 
planetary  rings. © 1987 Academic Press, Inc. 

I. I N T R O D U C T I O N  

Resonance effects between a disk and a 
satellite orbiting a massive body can dra- 
matically shape the structure and evolution 
of the disk. Such effects are found in differ- 
ent objects such as galaxies perturbed by a 
central bar, accretion disks in close binary 
systems, planetary rings perturbed by satel- 
lites, or the asteroid belt subjected to Jupi- 
ter's influence. These systems share com- 
mon dynamics, even though their physics 
and spatial scales are very different. 

The aim of this paper is to present in a 
general way the exchange of angular mo- 
mentum (torque) between the "satellite" 
and the disk in a typical case of resonances, 
namely the Lindblad resonances which oc- 
cur when the mean motion of the disk parti- 
cles and that of the satellite are in the ratio 
m/(m  ~ 1), where m is a positive integer. 

Our starting point lies in some previous 
studies of Lindblad resonances for various 
astrophysical objects and in the connection 
of such problems to plasma physics. An in- 
triguing point is that the expression of the 
torque always bears the same form in spite 
of the very different physics at work 

1 CNR S  U A  264. 
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(Goldreich and Tremaine, 1982). To quote a 
few examples, we can think of galactic dy- 
namics (Lynden-Bell and Kalnajs, 1972), 
accretion disks (Lin and Papaloizou, 1979), 
planetary rings (Goldreich and Tremaine, 
1979), and numerical simulation (Sicardy, 
1985). Also, the sign of this torque is always 
the same, so that the satellite always repels 
the disk. The torque per unit of surface den- 
sity does not depend on the physical param- 
eters of the disk, but only on the mass of 
the satellite, the mass of the central body, 
and the order m of the resonance (cf. Eq. 
(16) of this paper). 

Greenberg (1983) proposed to answer 
that puzzle by assuming that the particles 
are subjected to friction effects which sup- 
press the singularity at exact resonance. As 
the damping decreases, the perturbed mo- 
tion of the particle increases but the width 
of the resonance shrinks, so that the two 
effects compensate and the torque is inde- 
pendent of the damping coefficient. 

However, other mechanisms such as 
density waves (Goldreich and Tremaine, 
1979) can create a torque without explicit or 
implicit dissipation. We show in this paper 
that a wide class of physical processes can 
actually displace the resonance frequency 
in the complex plane, so that the torque 
density function (torque per unit radius) has 
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Murray & Dermott 1999Sicardy 1985

The response of a disk to a perturber is a kind tidal  effect! 



In particular, a tidal torque: Γ ∝ ' ( sin, ∝ "!
#
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Meyer-Vernet & Sicardy 1987



Meyer-Vernet &
Sicardy 1987

self-gravity self-gravity + viscosity

acoustic wave viscosity damping

∝ D!E



capture of rings in resonances
around small objects: 

a surprising result
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rings observed close to 2nd-order
Spin-Orbit Resonances (SOR)

synchronous
orbit



1/3 Spin-Orbit Resonance (SOR)

mass anomaly



first order second order

2/3 1/2 1/3

2/3 2/4 2/6

(a)
(b)
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streamline crossing!



the 1/3 resonance:
the recipee for a disaster…



130 years 136 years 205 years



Mass anomaly µ= 0.003
N-body collisional simulation
40,000 particles, radius 25 m
complete (3D, 2π), no self-gravity

1/3 SOR

-4 km

+4 km

a wave or a clump? Or a “wump“?

Salo &
Sicardy
A&A 2026
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m=1 (fixed in inertial frame)

m=1 + free mode m=2

m=1 + free modes
m=2 and m=3

Free modes:
Lindblad-type
m-lobed oscillations

Salo &
Sicardy
A&A 2026



After subtracting the 
m= 1, 2 , 3 modes 1 km

Salo &
Sicardy
A&A 2026



The ring is confined at the 
1/3 Spin-Orbit Resonance,

but does not have a 1/3 resonant behavior!  

1/3 Spin-Orbit Resonance



obrigado gente!


