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Problem
The climate and atmospheric properties of
rocky planets in habitable zones result from
their long-term tidal evolution, which is pri-
marily controlled by energy dissipation in
oceans. Unlike solid bodies, fluid tides are
strongly affected by rotation through Coriolis
forces, which breaks the commonly assumed
isotropic assumption. In this work, we present
a new formalism to compute energy and angu-
lar momentum transfer in non-isotropic cases
and we use it to characterise quantitatively the
validity domain of the isotropic assumption.

Isotropic assumption
• invariance of properties by rotation about

the center of mass;
• Love numbers kl depending solely on the

degrees l.

Physical setup
• idealised Earth-Moon system (Fig. 1);
• thin global ocean of uniform depth H ≪ R;
• linear drag of coefficient σR;
• visco-elastic solid regions (Andrade model);
• point-mass tidal perturber;
• non-zero obliquity and inclination.
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Figure 1: Studied planet-perturber system.

Conclusions
The isotropic assumption:

• holds in the low-frequency range in general;
• holds for obliquities less than 10◦ (quasi-

aligned planet-perturber systems);
• leads to overestimate tidal dissipation by

several orders of magnitude when tidal
modes are resonantly excited;

• may induce significant errors in reconstruct-
ing orbital and rotational histories of fast-
rotating planets and fluid bodies.
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Method
• Laplace’s tidal equations (LTEs):

∂tV + σRV + f × V + g∇ (ΓDζ − ΓTζeq) = 0,

∂tζ +∇ · (HV ) = 0.

• LTEs solved using a spectral method.
• Spherical harmonic expansion of the gravi-

tational potentials associated with the forcing
and the tidal response (Fig. 2). Figure 2: Spherical harmonic expansion of tides.

Comparison between dry and ocean planets
• Calculations performed with (APPROX) and

without (FULL) the isotropic assumption for
dry and ocean planets.

• Spurious resonant tidal modes appearing in
misaligned ocean planets when using the AP-
PROX formulation (Figs. 3 and 4).Auclair-Desrotour, P., et al.: A&A, 694, A53 (2025)
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Fig. 4. Tidally dissipated power (Pdiss) as a function of the planet’s spin rotation period (horizontal axis) and obliquity (vertical axis) for Earth-sized
dry (left panels) and global-ocean (right panels) planets. Top: full calculation of the planet’s tidal response (FULL). Middle: calculation using, for all
tidal forcing terms, the degree-2 Love number computed in the equatorial plane assuming the coplanar-circular configuration (APPROX). Bottom:
relative difference between the FULL and APPROX cases, defined by Eq. (93). The tidally dissipated power was computed from the tidal power and
torque using Eq. (81). The dashed green lines indicate the resonances associated with the oceanic surface gravity modes (see Eq. (95) and Table 2),
and the dashed magenta lines the 1:1 and 2:1 spin-orbit resonances. The black dot at (Prot, ω) =

(
1 day, 0→

)
designates the actual Earth-Moon system

in the coplanar-circular approximation.

represented by the spherical harmonic of degree 2 and order 2
(denoted by Y2

2 ). From the resulting solution, the degree-2 Love
number was derived and used to compute the deformation poten-
tial for the relevant tidal component. This potential is simply the
product of the degree-2 Love number and the tide-raising poten-
tial, following the theory of bodily tides. It is important to note
that the Love number depends solely on ε in the dry configu-
ration due to the spherical isotropy of the solid part. However,
in the global ocean configuration, it also depends on the planet’s
spin period because of the influence of Coriolis forces, as was
described earlier.

Figures 4, 5, and 6 present the results for tidally dissipated
power (Pdiss), the variation rate of the planet’s spin angular
velocity (Ω̇), and the variation rate of the planet’s obliquity (ω̇),
respectively. Additionally, the relative difference between the
two cases (FULL and APPROX), denoted by ϑ, is shown for each
configuration and for the three quantities (bottom panels). This
difference is normalised by the values obtained in the full cal-
culation. For a given tidal quantity, f , the relative difference is
defined mathematically as

ϑ =

∣∣∣∣∣∣
fapprox ↑ ffull

ffull

∣∣∣∣∣∣ , (93)

where ffull and fapprox represent the values obtained in the FULL
an APPROX cases, respectively.

We first examined the solid-body configuration (Figs. 4–6,
left panels). In this scenario, the three quantities – Pdiss, Ω̇, and ω̇
– vary smoothly with changes in the planet’s rotation period and
obliquity. In the coplanar case (ω = 0→), both the tidally dissi-
pated power and the variation rate of spin velocity approach zero

as the planet crosses the 1:1 spin-orbit resonance (Prot = Ps).
As obliquity increases, obliquity tides become more dominant,
shifting the equilibrium states. Due to the spherical isotropy
of the solid part, the results from the FULL and APPROX cal-
culations are identical, leading to a relative difference of zero
between the two approaches.

At higher obliquities, obliquity tides can induce an additional
equilibrium state corresponding to the 2:1 spin-obit resonance
(Prot = Ps/2), which is particularly visible in Fig. 5. In this
configuration, the frequency of the quadrupolar obliquity com-
ponent of the tidal potential (ε = Ω ↑ 2ns, and m = 1) becomes
zero. Both the 1:1 and 2:1 resonances are indicated by dashed
magenta lines in Fig. 4 (top right panel). It is worth noting that
the solid part’s ability to dissipate energy via viscous friction
is maximised at very low tidal frequencies, given that typical
Maxwell timescales for rocky planets reach several centuries
(Peltier 1974; Karato & Spetzler 1990; Bolmont et al. 2020).
Consequently, any change in the sign of a tidal frequency results
in a sharp variation in the associated tidal component.

When the global ocean is included in the tidal response, long-
wavelength surface gravity modes can be resonantly excited by
tidal forces. This greatly increases the sensitivity of both dis-
sipated power and tidal torque to the planet’s rotation period.
The resonant peaks of these modes occur at specific frequen-
cies, given by (e.g. Longuet-Higgins 1968; Lee & Saio 1997;
Auclair-Desrotour et al. 2023)

εm,ϖ
n =

√
Λ

m,ϖ
n gH
Rp

. (94)
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Figure 3: Tidally dissipated power as a function of the planet’s spin rotation period (Prot; horizontal
axis) and obliquity (β; vertical axis) for Earth-sized dry (left panel) and global-ocean (right panels)
planets. Top: full, non-isotropic tidal response (FULL). Middle: response computed using, for all
tidal forcing terms, the degree-2 Love number evaluated in the equatorial plane for the coplanar-
circular configuration (APPROX). Bottom: relative difference between the FULL and APPROX results
(DIFF.). Dashed green lines mark resonances associated with oceanic surface gravity modes, while
dashed magenta lines indicate the 1:1 and 2:1 spin-orbit resonances.

Auclair-Desrotour, P., et al.: A&A, 694, A53 (2025)
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Fig. 8. Gravitational potential induced by the tidal response of an ocean planet with rigid solid regions in the system of coordinates rotating with
the perturber for Prot = 10 h and obliquity values ranging between 0→ and 90→. Left: maximum amplitude of the tidal potential obtained from the full
calculation (FULL). Right: maximum amplitude of the tidal potential obtained with the standard approximation based on the equatorial degree-2
Love number (APPROX). Amplitudes are plotted as functions of longitude, ω̂ (horizontal axis), and latitude, ε̂↑ = 90→ ↓ ε̂ (vertical axis). Red areas
indicate large amplitudes, and yellow areas small amplitudes. The black dot at

(
ε̂↑, ω̂

)
= (0→, 0→) designates the sub-satellite point.

two spin rotation periods: Prot = 33 h and Prot = 10 h. The
first period corresponds to the rotation rate at which the pri-
mary oceanic mode is resonantly excited by the semidiurnal tide
(see Table 2, n = 2). The second falls within the parameter space
where the FULL and APPROX models significantly diverge. The
remaining physical parameters were set to the values used for
generating the solutions in Figs. 4–6, as is detailed in Table 1.
The upper bound of the tidal potential, as is defined in Eq. (99),
is plotted against the coordinates

(
ε̂, ω̂

)
in Fig. 7 for Prot = 33 h,

and in Fig. 8 for Prot = 10 h. We note that the tidal potential is
truncated at l = 2 (quadrupolar approximation), as the contribu-
tion from higher-degree terms to tidal dissipation is negligible
when Rp ↔ as. Consequently, the smaller horizontal structures
in the tidal potential are not visible in the colour maps, although
they are accounted for in the tidal solutions.

For Prot = 33 h (Fig. 7), the dominant pattern arises from the
resonantly excited equatorial gravity mode in both the FULL and
APPROX cases, resulting in the two solutions appearing largely
similar. The slight differences observed are due to errors in cal-
culating the oceanic obliquity tides within the APPROX model,
but these discrepancies remain minor compared to the semid-
iurnal tidal component. This component is represented in the
colour maps generated for the coplanar-circular configuration,

where the two solutions are identical (see Fig. 7, bottom pan-
els). At Prot = 10 h (Fig. 8), the semidiurnal oceanic tide is
weak, as no equatorial gravity mode is excited by the associ-
ated forcing potential. As a result, the tidal response is more
sensitive to obliquity tides compared to Prot = 33 h. More-
over, the APPROX model artificially reproduces the resonance
of an equatorial gravity mode for an obliquity tidal compo-
nent, leading to an amplification of this component by an order
of magnitude. Consequently, the FULL and APPROX solutions
show substantial divergence for non-zero obliquities, consistent
with the large errors observed in estimates of tidally dissi-
pated power, and the variation rates of spin angular velocity and
obliquity (Figs. 4–6, bottom right panels).

As is discussed in Appendix J, the spatial distribution of the
deformation tidal potential, shown in Figs. 7 and 8, is strongly
influenced by the elasticity of solid regions. In the rigid limit
considered here, variations in self-attraction are solely generated
by oceanic tides, which display complex horizontal structures
due to the excitation of modes of various degrees. This helps to
clarify the causes of the discrepancies observed in the tidally
dissipated power and the variation rates of the planet’s spin
angular velocity and obliquity between the FULL and APPROX
cases. When solid elasticity is taken into account, as is seen in
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Fig. 8. Gravitational potential induced by the tidal response of an ocean planet with rigid solid regions in the system of coordinates rotating with
the perturber for Prot = 10 h and obliquity values ranging between 0→ and 90→. Left: maximum amplitude of the tidal potential obtained from the full
calculation (FULL). Right: maximum amplitude of the tidal potential obtained with the standard approximation based on the equatorial degree-2
Love number (APPROX). Amplitudes are plotted as functions of longitude, ω̂ (horizontal axis), and latitude, ε̂↑ = 90→ ↓ ε̂ (vertical axis). Red areas
indicate large amplitudes, and yellow areas small amplitudes. The black dot at

(
ε̂↑, ω̂

)
= (0→, 0→) designates the sub-satellite point.

two spin rotation periods: Prot = 33 h and Prot = 10 h. The
first period corresponds to the rotation rate at which the pri-
mary oceanic mode is resonantly excited by the semidiurnal tide
(see Table 2, n = 2). The second falls within the parameter space
where the FULL and APPROX models significantly diverge. The
remaining physical parameters were set to the values used for
generating the solutions in Figs. 4–6, as is detailed in Table 1.
The upper bound of the tidal potential, as is defined in Eq. (99),
is plotted against the coordinates

(
ε̂, ω̂

)
in Fig. 7 for Prot = 33 h,

and in Fig. 8 for Prot = 10 h. We note that the tidal potential is
truncated at l = 2 (quadrupolar approximation), as the contribu-
tion from higher-degree terms to tidal dissipation is negligible
when Rp ↔ as. Consequently, the smaller horizontal structures
in the tidal potential are not visible in the colour maps, although
they are accounted for in the tidal solutions.

For Prot = 33 h (Fig. 7), the dominant pattern arises from the
resonantly excited equatorial gravity mode in both the FULL and
APPROX cases, resulting in the two solutions appearing largely
similar. The slight differences observed are due to errors in cal-
culating the oceanic obliquity tides within the APPROX model,
but these discrepancies remain minor compared to the semid-
iurnal tidal component. This component is represented in the
colour maps generated for the coplanar-circular configuration,

where the two solutions are identical (see Fig. 7, bottom pan-
els). At Prot = 10 h (Fig. 8), the semidiurnal oceanic tide is
weak, as no equatorial gravity mode is excited by the associ-
ated forcing potential. As a result, the tidal response is more
sensitive to obliquity tides compared to Prot = 33 h. More-
over, the APPROX model artificially reproduces the resonance
of an equatorial gravity mode for an obliquity tidal compo-
nent, leading to an amplification of this component by an order
of magnitude. Consequently, the FULL and APPROX solutions
show substantial divergence for non-zero obliquities, consistent
with the large errors observed in estimates of tidally dissi-
pated power, and the variation rates of spin angular velocity and
obliquity (Figs. 4–6, bottom right panels).

As is discussed in Appendix J, the spatial distribution of the
deformation tidal potential, shown in Figs. 7 and 8, is strongly
influenced by the elasticity of solid regions. In the rigid limit
considered here, variations in self-attraction are solely generated
by oceanic tides, which display complex horizontal structures
due to the excitation of modes of various degrees. This helps to
clarify the causes of the discrepancies observed in the tidally
dissipated power and the variation rates of the planet’s spin
angular velocity and obliquity between the FULL and APPROX
cases. When solid elasticity is taken into account, as is seen in
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Figure 4: Latitude-longitude maps of the gravitational potential induced by the oceanic tidal
response, shown in the reference frame corotating with the perturber, for Prot = 10 h and two
obliquities: β = 30◦ (top) and β = 0◦ (bottom). Left: full, non-isotropic tidal response (FULL). Right:
response computed using, for all tidal forcing terms, the degree-2 Love number evaluated in the
equatorial plane for the coplanar-circular configuration (APPROX). The black dot marks the sub-
perturber point.


